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We investigate the relation between the invariant operators satisfying the quantum Liouville-von
Neumann and the Heisenberg operators satisfying the Heisenberg equation. For time-dependent
generalized oscillators we find the invariant operators, known as the Ermakov-Lewis invariants, in
terms of a complex classical solution, from which the evolution operator is derived, and obtain the
Heisenberg position and momentum operators. Physical quantities such as correlation functions are
calculated using both the invariant operators and Heisenberg operators.
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I. INTRODUCTION
In the last several decades there have been many at-
tempts to develop formalisms for time-dependent quan-
tum systems and apply them to physical systems, in
particular, oscillators with time-dependent mass and fre-
quency. For a time-dependent oscillator Lewis found an
invariant operator, which satisfies the quantum Liouville-
von Neumann (LvN) equation, and whose eigenfunctions
up to time-dependent phase factors satisfy the time-
dependent Schro¨dinger equation [1]. In classical theory
Ermakov had already found such an invariant long be-
fore the advent of quantum theory [2]. The Ermakov-
Lewis invariant operators since then have been employed
to develop the formalism for time-dependent oscillators
and applied to many physical systems such as quan-
tum optics. The original Ermakov-Lewis invariants are
quadratic in position and momentum operators [3] and
the linear invariants are also introduced [4, 5].
The invariant operators method is a useful and conve-
nient tool to find various kinds of exact quantum states
in terms of the solutions of the auxiliary equation and
has been widely applied to physical systems. The rela-
tion between the Ermakov-Lewis invariant operators and
the Heisenberg operators in terms of the evolution oper-
ator was noticed by Dodonov and Man’ko [6]. Also the
Heisenberg picture was used applied to time-dependent
oscillators [7, 8]. However, the relation between the quan-
tum LvN equation for the invariant operators and the
Heisenberg equation for the Heisenberg operators has not
been seriously investigated.
The purpose of this paper is to clarify the role of the
quantum LvN equation used in the invariant operators
method and compare it with the Heisenberg picture. The
Schro¨dinger and Heisenberg pictures are the two popu-
lar descriptions of quantum theory. In the Schro¨dinger
picture, quantum states evolve in time but operators do
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not change, whereas in the Heisenberg picture, operators
evolve in time but quantum states do not change [9]. The
quantum theory of systems are equivalently described in
the both pictures. It is shown that the quantum LvN
equation provides another description of quantum the-
ory independently of the Heisenberg picture. In terms
of the evolution operator Uˆ(t), the Heisenberg opera-
tors evolve according to OˆH(t) = Uˆ
†(t)OˆUˆ(t) and satisfy
the Heisenberg equation, whereas the invariant opera-
tors evolve according to OˆL(t) = Uˆ(t)OˆUˆ
†(t) and satisfy
the LvN equation. To illustrate this point, we apply the
quantum theory based on the LvN equation to the time-
dependent generalized oscillators. Further, we use the
evolution operator from the invariant operators to find
the Heisenberg operators in terms of the classical solu-
tion.
The organization of the paper is as follows. In Sec.
II we discuss the Schro¨dinger and Heisenberg pictures.
We also discuss the difference and relation between the
Heisenberg equation and the LvN equation. In Sec. III,
using a time-independent generalized oscillator, we illus-
trate the difference between the invariant operators and
the Heisenberg operators. In Sec. IV we apply the in-
variant operators and the Heisenberg operators to time-
dependent oscillators. The linear invariant operators are
found directly from the LvN equation in terms of a clas-
sical solution. The evolution operator derived from the
invariant operator is used to find the Heisenberg opera-
tors.
II. INVARIANT OPERATORS VS
HEISENBERG OPERATORS
For stationary (time-independent) quantum systems
two pictures have been used: the Schro¨dinger and
Heisenberg pictures. In this paper we consider both
time-independent and time-dependent systems simul-
taneously. The Hamiltonian operator for a time-
dependent system has time-dependent coefficients of each
2Schro¨dinger operator Oˆk:
Hˆ(t) =
∑
k
hk(t)Oˆk. (1)
In this sense the time-dependent Hamiltonian is called a
Schro¨dinger operator, though it depends on time explic-
itly.
In the Schro¨dinger picture, the quantum states evolve
according to the Schro¨dinger equation with the Hamilto-
nian Hˆ
i~
∂
∂t
|Ψ, t〉 = Hˆ(t)|Ψ, t〉. (2)
All the information of the system is contained in the state
|Ψ, t〉. The physically measurable quantity corresponding
to an observable Oˆ is given by the expectation value
〈Oˆ〉S(t) = 〈Ψ, t|Oˆ|Ψ, t〉 (3)
We introduce the evolution operator satisfying
i~
∂
∂t
Uˆ(t) = Hˆ(t)Uˆ(t). (4)
The solution is formally written as the time-ordered in-
tegral
Uˆ(t) = T exp
(
− i
~
∫ t
Hˆ(t′)dt′
)
. (5)
Note that for a time-dependent system, Hˆ(t) and Hˆ(t′)
do not commute in general for t 6= t′. For a stationary
(time-independent) system with Hˆ0, the evolution oper-
ator is simply given by Uˆ(t) = e−iHˆ0t/~. The state vector
is then written as
|Ψ, t〉 = Uˆ(t)|Ψ〉, (6)
where |Ψ〉 is any state independent of time.
On the other hand, in the Heisenberg picture, quantum
states do not change in time but operators evolve as
OˆH(t) = Uˆ
†(t)OˆUˆ(t). (7)
The Heisenberg operators OˆH(t) carrying all the infor-
mation of the system satisfy the Heisenberg equation
i~
∂
∂t
OˆH(t) + [HˆH(t), OˆH(t)] = 0, (8)
where HˆH(t) is the Heisenberg operator
HˆH(t) =
∑
k
hk(t)OˆkH(t). (9)
For the stationary system Uˆ(t) commutes with H0, so
HˆH = Hˆ0. The expectation value of the observable Oˆ in
the Heisenberg picture now takes the form
〈Oˆ〉H(t) = 〈Ψ|OˆH(t)|Ψ〉 = 〈Oˆ〉S(t). (10)
We now introduce another interesting operator, the so-
called invariant or the LvN operator,
OˆL(t) = Uˆ(t)OˆUˆ
†(t). (11)
The invariant operator OˆL(t) is the backward evolution
of the Schro¨dinger operator Oˆ, whereas the Heisenberg
operator OˆH(t) is the forward evolution [10]. It follows
that the invariant operators satisfy the quantum LvN
equation
i~
∂
∂t
OˆL(t) + [OˆL(t), Hˆ(t)] = 0. (12)
Note that the Hamiltonian Hˆ(t) appeared in Eq. (12) is
a Schro¨dinger operator, whereas the Heisenberg Hamil-
tonian operator appears in Eq. (8).
Let us now suppose that the LvN equation (12) be di-
rectly solved by some techniques. For time-dependent
oscillators, these operators are explicitly given in terms
of the solution of an auxiliary equation and widely known
as the Ermakov-Lewis invariants. In terms of the eigen-
states of an invariant operator OˆL(t),
OˆL(t)|λ, t〉 = λ|λ, t〉, (13)
the exact quantum state of the Schro¨dinger equation is
given by
|Ψ, t〉 = exp
(
〈λ, t| − ( i
~
Hˆ(t) +
∂
∂t
)|λ, t〉
)
|λ, t〉. (14)
It follows from Eqs. (11) and (6) that
Oˆ|λ〉 = |λ〉. (15)
Thus invariant operators carry all the information and
provide a Hilbert space of quantum states without the
direct knowledge of the evolution operator. The expec-
tation value of the observable takes the same value as the
Schro¨dinger picture
〈Oˆ〉L(t) = 〈Ψ, t|Oˆ|Ψ, t〉 = 〈Oˆ〉S(t). (16)
In conclusion, it is shown that the quantum LvN equa-
tion (12) self-consistently provides another description of
quantum theory because all the invariant operators OˆL
satisfying Eq. (12) carry all information of the system.
Therefore, the invariant operators method may be called
the LvN picture just as quantum theory based Eq. (8)
is called the Heisenberg picture, in both of which time-
dependent operators carry all quantum information.
III. TIME-INDEPENDENT GENERALIZED
OSCILLATOR
As a simple and illustrative model, we consider the
time-independent generalized oscillator
Hˆ0 =
X0
2
pˆ2 +
Y0
2
(pˆqˆ + qˆpˆ) +
Z0
2
qˆ2, (17)
3where it is assumed
ω20 = X0Z0 − Y 20 ≥ 0. (18)
We introduce the annihilation (lowering) and creation
(raising) operators
aˆ =
√
X0
2~ω0
[
ipˆ+
1
X0
(ω0 + iY0)qˆ
]
,
aˆ† =
√
X0
2~ω0
[
−ipˆ+ 1
X0
(ω0 − iY0)qˆ
]
. (19)
The annihilation and creation operators satisfy the usual
commutation relation [aˆ, aˆ†] = 1. Inverting Eq. (19) for
the position and momentum operators, we obtain
qˆ =
√
~X0
2ω0
(aˆ+ aˆ†),
pˆ =
√
~
2ω0X0
[−(iω0 + Y0)aˆ+ (iω0 − Y0)aˆ†]. (20)
Then the Hamiltonian takes the form
Hˆ0 = ~ω0
(
aˆ†aˆ+
1
2
)
. (21)
Now, using the evolution operator
Uˆ(t) = e−iω0(aˆ
†aˆ+1/2), (22)
we find the Heisenberg operators
aˆH(t) = e
−iω0taˆ, aˆ
†
H(t) = e
iω0taˆ†, (23)
and the invariant operators
aˆL(t) = e
iω0taˆ, aˆ
†
L(t) = e
−iω0taˆ†. (24)
The Heisenberg operators (23) satisfy the Heisenberg
equation, whereas the invariant operators (24) satisfy the
quantum LvN equation. The invariant operator aˆL(t) has
the positive frequency in contrast with the negative fre-
quency of the Heisenberg operator aˆH(t).
The Heisenberg position and momentum operators are
obtained from Eq. (20) through the unitary transforma-
tion (7) as
qˆH(t) =
√
~X0
2ω0
[aˆH + aˆ
†
H],
pˆH(t) =
√
~
2ω0X0
[−(iω0 + Y0)aˆH + (iω0 − Y0)aˆ†H].(25)
On the other hand, the Schro¨dinger position and momen-
tum operators in terms of the invariant annihilation and
creation operators are given by
qˆ =
√
~[uaˆL + u
∗aˆ
†
L],
pˆ =
√
~
X0
[(u˙− Y0u)aˆL + (u˙∗ − Y0u∗)aˆ†L], (26)
where u(t) is the complex solution to the classical equa-
tion of motion
u(t) =
√
X0
2ω0
e−iω0t. (27)
IV. TIME-DEPENDENT GENERALIZED
OSCILLATOR
We now consider a time-dependent generalized oscilla-
tor described by the Hamiltonian [11, 12]
Hˆ(t) =
X(t)
2
pˆ2 +
Y (t)
2
(pˆqˆ + qˆpˆ) +
Z(t)
2
qˆ2, (28)
where X,Y and Z explicitly depend on time. The classi-
cal equation of motion corresponding to the Hamiltonian
operator (28) is given by
d
dt
(
u˙
X
)
+
[
XZ − Y 2 + X˙Y −XY˙
X
](
u
X
)
= 0. (29)
In the LvN picture, we look for the operators satisfying
the LvN equation (12). Lewis and Riesenfeld found a
quaratic invariant [1]. Following Ref. [12] we introduce
a pair of linear invariant operators
aˆL(t) =
i√
~
[
u∗pˆ− 1
X
(u˙∗ − Y u∗)qˆ
]
,
aˆ
†
L(t) = −
i√
~
[
upˆ− 1
X
(u˙− Y u)qˆ
]
, (30)
where u is a complex solution to the classical equation of
motion (29). The Wronskian condition
Wr{u∗, u} = 1
X
(uu˙∗ − u∗u˙) = i, (31)
makes the invariant operators satisfy the standard com-
mutation relation at equal time
[aˆL(t), aˆ
†
L(t)] = 1. (32)
The Schro¨inger position and momentum operators can
be expressed in terms of the invariant annihilation and
creation operators as
qˆ =
√
~(uaˆL + u
∗aˆ
†
L),
pˆ =
√
~
X
[(u˙− Y u)aˆL + (u˙∗ − Y u∗)aˆ†L]. (33)
Note that Eq. (26) is the constant parameters limit of
Eq. (33).
The Fock space of exact quantum states for the
Schro¨dinger equation consists of the number state |n, t〉
of the number operator NˆL(t) = aˆ
†
L(t)aˆL(t), another in-
variant operator:
NˆL(t)|n, t〉 = n|n, t〉. (34)
The quadratic Ermakov-Lewis invariants [1, 3] are, up
to overall constants, the number operator Nˆ(t), whose
auxiliary field ρ is the amplitude of the complex solution
u [12]. In contrast with the Schro¨dinger and Heisenber
4pictures, both the operators and states of the LvN picture
depend on time but their eigenvalues (quantum numbers)
do not change. For instance, the correlation functions
with respect to the number state are given by
〈n, t|qˆ2|n, t〉 = ~u∗u(2n+ 1),
〈n, t|pˆ2|n, t〉 = ~
X2
(u˙∗ − Y u∗)(u˙− Y u)(2n+ 1),
〈n, t|1
2
(pˆqˆ + qˆpˆ)|n, t〉 = ~
2X
[(u˙∗ − Y u∗)u+ (u˙ − Y u)u∗]
×(2n+ 1). (35)
The invariant operators (30) are related with the anni-
hilation and creation operators (19) through the Bogoli-
ubov transformation
aˆL(t) = αaˆ+ βaˆ
†,
aˆ
†
L(t) = α
∗aˆ† + β∗aˆ, (36)
where
α = −i
√
X0
2ω0
[
1
X0
(iω0 + Y0)u
∗ +
1
X
(u˙∗ − Y u∗)
]
,
β = −i
√
X0
2ω0
[
1
X0
(−iω0 + Y0)u∗ + 1
X
(u˙∗ − Y u∗)
]
.(37)
The evolution operator (5) can be written as
Uˆ(t) = e−iϑ(t)aˆ
†aˆSˆ(t) (38)
where
Sˆ(t) = e
1
2
[z(t)aˆ2−z∗(t)aˆ†2], (39)
is the squeeze operator. The squeeze operator leads to
the Bogoliubov transformation [13]
Sˆ(t)aˆSˆ†(t) = cosh r aˆ+ e−iϕ sinh r aˆ†,
Sˆ(t)aˆ†Sˆ†(t) = cosh r aˆ† + eiϕ sinh r aˆ, (40)
where z = reiϕ. From another form (11) of the invariant
aˆL(t) = Uˆ(t)aˆUˆ
†(t), (41)
we find the phase and squeeze parameters
α = eiϑ cosh r, β = e−iϑe−iϕ sinh r. (42)
For the time-dependent oscillator with Y = 0, the evolu-
tion operator in the Wei-Norman form [14]
Uˆ(t) = eiw(t)(pˆqˆ+qˆpˆ)/2eiw+(t)qˆ
2
e−iw−pˆ
2
(43)
has been used in Ref. [15], where w and w± are found
by directly solving Eq. (4). It was found there that e−w
and w−e
−w satisfy the classical equation (29).
Now, using the evolution operator (38), the annihila-
tion and creation operators in the Heisenberg picture are
found to be
aˆH(t) = Uˆ
†(t)aˆUˆ(t) = α∗aˆ− βaˆ†,
aˆ
†
H(t) = Uˆ
†(t)aˆ†Uˆ(t) = αaˆ† − β∗aˆ. (44)
Similarly, from Eq. (20) follows the Heisenberg position
operator
qˆH(t) = Uˆ
†(t)qˆUˆ(t) =
√
~(u∗(t)aˆ+ u(t)aˆ†). (45)
The Heisenberg momentum operator takes the form
pˆH(t) =
1
X
( ˙ˆqH−Y qˆH) =
√
~
X
[(u˙∗− Y u∗)aˆ+(u˙− Y u)aˆ†].
(46)
Note that another Heisenberg operator Uˆ †pˆUˆ is not con-
jugate to qˆH except for the time-independent case. In
the Heisenberg picture physical quantities are obtained
by taking the expectations of Heisenberg operators with
respect to time-independent state relevant to the physi-
cal system under study. The correlation functions with
respect to the number state |n〉 of aˆ†aˆ in Sec. II are given
by
〈n|qˆ2H|n〉 = ~u∗u(2n+ 1),
〈n|pˆ2H|n〉 =
~
X2
(u˙∗ − Y u∗)(u˙ − Y u)(2n+ 1),
〈n|1
2
(pˆHqˆH + qˆHpˆH)|n〉 = ~
2X
[(u˙∗ − Y u∗)u+ (u˙− Y u)u∗]
×(2n+ 1). (47)
A few comments are in order. First, as u and u∗ satisfy
Eq. (29), the Heisenberg position operator (45) satisfies
the Heisenberg equation (8) for the time-dependent os-
cillator (28):
d
dt
(
˙ˆqH
X
)
+
[
XZ − Y 2 + X˙Y −XY˙
X
](
qˆH
X
)
= 0. (48)
In fact, the general solution to Eq. (48) is
qˆH(t) = v1(t)qˆ1 + v2(t)qˆ2, (49)
where v1 and v2 are the solutions to Eq. (29) and qˆ1
and qˆ2 are two independent operators whose commutator
does not vanish. The operator (45) is the special case
with v1 =
√
~u∗, v2 =
√
~u and qˆ1 = aˆ, qˆ2 = aˆ
†. This
choice makes the standard commutation relation satisfied
at equal time
[qˆH(t), pˆH(t)] = i~. (50)
Second, by comparing Eqs. (33) and Eqs. (45) and (46),
we see that the invariant operators have the negative
(positive) frequency for the creation (annihilation) op-
erator, which is a consequence of the backward evolution
of the invariant operator (30). Third, the correlation
functions (35) in the LvN picture are the same as those
(47) in the Heisenberg picture.
5V. CONCLUSION
In this paper we show that the invariant operators
method based on the quantum Liouville-von Neumann
equation provides another description of quantum theory,
a counterpart of the Heisenberg picture. The invariant
operators method, which we prefer to call the invariant
picture, shares not only the property of the Schro¨dinger
picture that quantum states are time-dependent, but also
the property of the Heisenberg picture that operators are
time-dependent, backwardly evolving in time. In terms
of the evolution operator Uˆ(t), the Heisenberg opera-
tors evolve according to OˆH(t) = Uˆ
†(t)OˆUˆ(t) and sat-
isfy the Heisenberg equation, whereas the invariant op-
erators to OˆL(t) = Uˆ(t)OˆUˆ
†(t) and satisfy the quantum
Liouville-von Neumann equation. As OˆL(t) carries all in-
formation of the system, the quantum Liouville-von Neu-
mann equation provides another picture in addition to
the Schro¨dinger and the Heisenberg pictures.
To illustrate the invariant picture we apply it to time-
independent and time-dependent generalized oscillators.
The time-independent oscillator shows manifestly the dif-
ference between the Heisenberg and the invariant pic-
tures. The invariant operators have the opposite signs of
frequencies to the Heisenberg operators. The invariant
picture is particularly useful to handle time-dependent
quantum systems. The Hilbert space of exact quantum
states of the time-dependent Schro¨dinger equation con-
sists of the eigenstates of an invariant operator. For time-
dependent generalized oscillators we find two linear in-
variant operators and use them to derive the evolution
operator. The evolution operator is then used to find
the Heisenberg position and momentum operators. It
is shown that the invariant picture and the Heisenberg
picture provide the same physical results.
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